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PREFACE
A difficult and recurrent problem in many applications of fluid mechanics is the description of the convection of a passive scalar quantity in a turbulent flow field. Examples of the diverse areas in which this problem arises are in reentry physics, when electron concentration is effected by wake turbulence, or in pollution studies, when the passive scalar, pollutant concentration, is transported by the turbulent flow field of the surrounding medium.
A theoretical investigation of this problem is presented in this Memorandum, using a systematic approximation based on an expansion in Weiner-Hermite functionals. This approximation leads to analytic solutions to two crucial problems in the theory of turbulent diffusion: the diffusion of a passive scalar from a point source, and the spectrum of a statistically homogeneous scalar --both in a homogeneous turbulent flow.
The research described here is part of RAND's work on reentry aerodynamics for the Advanced Research Projects Agency.
The author, P. G. Saffman, is a Professor of Fluid Mechanics at the California Institute of Technology, and a consultant to The RAND Corporation. 
I. INTRODUCTION
The diffusion and mixing of convected quantities in a turbulent flow is a subject of great importance and has attracted much attention.
For a passive scalar in an incompressible fluid with uniform properties, the concentration 8(~, t) satisfies the equation
where ~(x, t) is the velocity field and K is the molecular diffusivity.
Given the velocity field ~, Eq. (1) at - (2) where U is the constant mean velocity and ~ is an effective diffusiv- All previous work on the spectrum and decay of a homogeneous distribution has been based on the hypothesis of a cascade and the independence of large and small wave numbers, and has been closely related to the Kolmogorov universal-equilibrium theory. However, the Kolmogorov theory itself has been both modified(l) and questioned(S) in recent years, and it seems that the evidence in its favor is by no means as strong or as convincing as was once supposed. Thus it is by no means certain that the applications and extensions of the Kolmogorov hypothesis to turbulent diffusion are firmly based.
The main purpose of the present Memorandum is to examine the results of applying to these two problems --the diffusion from a point source and the spectrum and decay of homogeneous fluctuations a trun- But it is precisely because the prospects of a completely sound theory are so distant (and the experimental situation is far from satisfactory) that the method is worth pursuing.
In principle, at least, the accuracy can be improved by taking more terms; a virtue that some of the other crude approximations do not possess. Furthermore, the method is "honest" in the sense that preconceived physical ideas are not built into or hidden in the mathematical approximations.
* A general name for such approximations, which we henceforth adopt, is "Galerkin methods." -4-
II. THE WIENER-HERMITE EXPANSION
The basic idea of the method is due to Wiener, (ll) and was applied to turbulence-type problems by Meecham and Siegel(l 2 ) and others.
The technique is founded on the white noise or ideal random function a(x), which is the derivative of a continuous random walk and has the property that a(x) is a normally distributed random function with zero mean and
One then considers the stationary random function defined by
where the Wiener-Hermite functions are statistically orthonormal combinations of a(x) with 1, a(x), a(x)a(x') -6(x-x'), etc. there is an infinite number of coupled equations, the usual difficulty of turbulence theory is not avoided, but the hope is that approximate solutions will give useful results.
For the problem of turbulent diffusion, we shall take the ideal random function to be a random vector function of both position vector -5-x and time t. We then consider the normally distributed vector function a.(x, t) with the property
We now expand the random concentration 8(~, t) as a series of statistically orthonormal Wiener-Hermite functions obtained by generalizing Eq· (6) :
The scalar, vector, and tensor kernels 8 
However, there are no analogous relations for mean values of products of 8; for instance, (e 2 ) involves integrals of kernels of all orders.
In this respect the Wiener-Hermite expansion is clumsy. Apparently it has not been proved for random functions of more than one variable
that the expans~on Eq. (8) ex~sts and ~s complete, but the proof for functions of one variable should be readily generalizable. (9 12) The main applications of the method so far reported ' have not used the expansion Eq. Galerkin method is small. It is not knmm how such a choice should be made, but it appears that choosing a.(x, t) to be a stationary ran--dom function of t is less restrictive and probably "safer" than taking it to be independent of t; since the latter choice ignores the fact that any realization will drift away from its initial state, thus requiring more and more higher-order kernels to describe it in terms of the initial statistics as t increases. In the present Memorandum we shall use the expansion Eq. (8) with ideal random functions that satisfy Eq. (7), and leave for further study the question of whether the results are better or worse than those that might be obtained with a different time dependence of the ideal random function.
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III. DIFFUSION FROM A POINT SOURCE
We apply the method first to the one-particle diffusion problem.
We examine the solutions of Eq. (1) with ~(~, t) a given stationary random function of x and t, and the initial condition that at t = O, e = &(~); i.e., a blob is released at the origin at time zero. In order to restrict the algebra, we shall retain in the Galerkin method the smallest number of terms that gives nontrivial results. Thus we shall assume that the velocity field has a Gaussian distribution with zero mean; i.e.,
The initial conditions for these equations are, at t 0, C.
(14) J
For the sake of simplicity we now put ~ = 0, and thus neglect the effect of molecular diffusivity. For diffusion from a point source, the molecular transport is generally negligible. Integrating Eq. (13) with respect to t and differentiating with respect to ~' we obtain ac.
aK .. rt : : ; . .Le(x t) at -'
Now From Eq. (10), we have
where Rik is the Eulerian one-point, two-time velocity covariance tensor (the velocities are measured in a frame with zero mean velocity).
Substituting Eq. (18) If we take, for the sake of illustration,
This difficulty is not due to the use of an ideal random function that fluctuates in time. The wave equation is also obtained if one uses a time-independent, ideal random function of position. for isotropic turbulence. Now we solve the problem using the WienerHermite truncation; i.e., we solve Eqs. (12) and (13) There is therefore reason to believe that the method is useful when applied with care and in appropriate circumstances. Since it is only an approximation, it is unreasonable to expect more, or that it should always give good results even if misused.
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We can use the results of our analysis to find expressions for the Lagrangian auto-correlation coefficient. It has been shown(
where e is the solution of the diffusion equation withe = o(~) at t = 0; for simplicity we suppose the turbulence is isotropic. Substituting the expansion Eqs. (10) and (11) (38) but this problem has so far defied attack.
The formula [Eq. (37) J has the same structure as a hypothesis sometimes called "Corrsin's conjecture." ( 6 ) There is an important difference, however, since in Corrsin's conjecture the exact mean value should be substituted, whereas in the present analysis we should substitute the approximate value of e given by the analysis.
For the problem of diffusion from a point source, it is easy to interpret the Wiener-Hermite truncation in terms of approximations made directly to the convection equation. Thus, if we write e c~, t)
Eqs. (12) and (13) ?J¢/ox. 
Since we wish mean properties to be independent of position, we suppose that the mean concentration is zero and that the kernels are functions 
is the Eulerian one-point, two-time covariance, and we have used Eq. We now turn to the correlation and spectrum functions of 9(~, t).
After reduction, it is found from Eq. (43) 
T) e i (~+!: 
from which we deduce that
If we define a spectrum function for the concentration distribution by
-ik·r S(~, t e ~-dr it follows from Eq. (54) that
For an isotropic distribution in which S and 6 are functions of the magnitudes r and k alone, the spectrum function with respect to wavenumber magnitude is
2nk Jro S(r, t)r sin kr dr 
J -
The wave number (uTE)-l = ke' say, is characteristic of the energy-containing eddies of the velocity field. This wave number separates the Gaussian contribution to the concentration spectrum into two parts.
For wave numbers less than k , the interaction causes an exponential e decay with time; for k >> k , the interaction gives a rapidly oscillate ing fine-scale structure to the spectrum. The oscillatory behavior is associated with the wave-like features of Eq. (50), and may be a spurious effect due to the truncation. However, the quantity C. always J appears squared in relevant physical quantities, and for large kut it seems appropriate to neglect the fine-scale oscillatory structure and The exact forms depend on the unspecified Eulerian correlation, but for the sake of discussion we can take these expressions as holding respectively for k < k and k > k .
e e
We consider now the contributions from the non-Gaussian part of the concentration field. Quite generally, we can write
Then from Eq. (58),
On substituting into the second and third terms of Eq. (54), we find after some reduction (using the isotropy and incompressibility of the velocity field) a contribution SNG(£, t), say;
where
is now the two-point, two-time Eulerian velocity covariance.
The expression Eq. (69) can be given a simple interpretation if we use the approximation
The approximation Eq. (71) 
In other words, the non-Gaussian contribution to the concentration covariance is one-half the Eulerian two-point, one-time velocity correlation, weighted by a function that depends on the initial concentration covariance. Note that the Gaussian contribution is given by (74) and it follows immediately from Eqs. (69), (74) and (59) that S (0, t) is constant.
Let us now suppose that at the initial instant the concentration spectrum was peaked around k and was negligibly small at large wave 
We can rewrite this result as -2[
where f(r) is the longitudinal velocity correlation function of isotropic turbulence. In terms of the concentration spectrum function f(k), we can say that iff is initially Gaussian and peaked on the scale of the energy-containing eddies, then the interactions predicted by a Wiener-Hermite truncation produce at larger wave numbers a spectrum due entirely to the non-Gaussian contributions
where E(k) is the energy spectrum function
According to the analysis, the transfer of spectral density of 8 (78) (7.9) ceases when f attains the value given by Eq. (78). This can be verified directly by calculating the transfer function ( 8(~)8(~ + .E,)ui (~))
and showing that it has an average value of zero as kut becomes large.
The probability distribution does not attain an equilibrium because the Gaussian contribution continues to decay with a slower time scale.
If the spectrum of concentration for all wave numbers were exactly proportional to the spectrum of energy, we would have
Thus the analysis has predicted that for k >> k the spectrum of cone centration is proportional to the energy spectrum, but is only half as large as if proportionality existed for all wave numbers.
In the next section we shall discuss the results of our analysis and compare them with those of other theories.
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V. THE SPECTRUM OF A CONVECTED SCALAR
We now use the analytical results of the previous section to build up a heuristic theory for the spectrum of a convected scalar when the Prandtl number is not small compared to unity. First, it is necessary to determine the reliability of the Wiener-Hermite truncation. Although we do not expect the results to be uniformly valid over all length scales, it is reasonable to believe that they may describe to a good approximation some of the properties of the distribution. We shall therefore make the hypothesis (which must ultimately be tested by experiment) that the interaction between the velocity field and the concentration field is well described by the analysis for scales which .X~ E(k) e: X. Batchelor showed on the basis of a physical model (which makes the result far more convincing than if the argument relied solely on assumptions about interactions in wave-number space) that for r <<Po, the correlation function S(r, t) satisfies the equation and in the following discussion we shall use this value; but it should be kept in mind that further work on the structure of turbulence may suggest a different value. Equation (88) can be integrated( 4 ) and gives, for r << f,
The corresponding spectrum function for k >> ~-l is ( 4 ) f(k, t) In the present work, we suggest that the intermittent fine-scale structure should be retained, but that we drop the Obukhov-Gorrsin re- The value of X (which is not assumed here a priori to be independent of the Reynolds number, as it is in the Obukhov-Corrsin theory)
can be found by matching the expressions for the viscous-convective and inertial-convective ranges at r = £ or k -1 However, do = f.
• we run into a troublesome difficulty which has not been resolved: matching in physical space and wave-number space gives different results.
In wave-number space, we use the form (84) for E(k), since there is strong experimental support for this expression. For Eqs. The relatively slow dependence of K on Re makes it hard to check Eq. The difficulty is present in Batchelor's original analysis, and is not just a feature of the current approach. Until it is resolved, a question mark hangs over the assumption that we can determine x by matching the two expressions for the inertial-convective and viscousconvective ranges in either physical or wave-number space. In any real situation the difference is not significant, since the logarithmic term is not large.
A crude physical justification of Eq. (95) can be given to demonstrate that it is consistent with intuitive ideas about the fine-scale structure.(S) We believe that the dissipation is due to fluctuations For reasons explained in Saffman, ( 8 ) it is believed that this straining field is not that of the vorticity itself, which is O(u/~), but rather that of the straining motion whose length scale is the Taylor energydissipation parameter A~ (15~ u 2 J0 112 and in which the characteristic rate of strain is u/A ~ (e/v) 112 • Thus, changing the fundamental assumptions does not in this case change the formal result.
